This article was downloaded by:

On: 25 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Liquid Crystals
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713926090

Computer simulation study of a nematogenic lattice model based on an

elastic energy mapping of the pair potential
G. R. Luckhurst; S. Romano

Online publication date: 06 August 2010

To cite this Article Luckhurst, G. R. and Romano, S.(1999) 'Computer simulation study of a nematogenic lattice model
based on an elastic energy mapping of the pair potential', Liquid Crystals, 26: 6, 871 — 884

To link to this Article: DOI: 10.1080/026782999204561
URL: http://dx.doi.org/10.1080/026782999204561

PLEASE SCROLL DOWN FOR ARTICLE

Full ternms and conditions of use: http://ww.informworld.confterns-and-conditions-of-access. pdf

This article nay be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with prinmary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or danmmges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713926090
http://dx.doi.org/10.1080/026782999204561
http://www.informaworld.com/terms-and-conditions-of-access.pdf

19:18 25 January 2011

Downl oaded At:

LiQuip CRYSTALS, 1999, VoL. 26, No. 6, 871-884

Computer simulation study of a nematogenic lattice model based
on an elastic energy mapping of the pair potential

G. R. LUCKHURST*

Department of Chemistry and Southampton Liquid Crystal Institute,
University of Southampton, Southampton SO17 1BJ, UK

and S. ROMANO

Istituto Nazionale per la Fisica della Materia e Dipartimento di Fisica ‘A. Volta’,
Universitd di Pavia, via A. Bassi 6, I-27100 Pavia, Italy

(Received 1 December 1998; accepted 11 January 1999)

Director configurations in a nematic liquid crystal can be determined by minimizing its total
elastic free energy, for given elastic constants and specific boundary conditions. In some cases,
these configurations have been obtained by numerical procedures where the elastic free energy
density plays the same role as the overall potential energy in a standard Metropolis Monte
Carlo simulation. The interaction energies or potentials used in these studies are short ranged
but, in general, not pairwise additive, unless the three elastic constants are set to a common
value, thus reducing the potential to that in the well-known Lebwohl-Lasher lattice model.
On the other hand, we can construct, in different ways, a lattice model with pairwise additive
interactions, which approximately reproduces the elastic free energy density, where the
parameters defining the pair potential are expressed as linear combinations of elastic constants.
An anisotropic nematogenic pair interaction of this kind, originally proposed by Gruhn and
Hess (T. Gruhn and S. Hess, Z. Naturforsch. A51, 1 (1996)), has recently been investigated by
one of us, using a Monte Carlo simulation (S. Romano, Int. J. Mod. Phys. B 12, 2305 (1998)).
Here we propose another approximate procedure for the mapping, and study the resulting
pair potential model with the aid of Monte Carlo simulations. The behaviour of the nematic
phases formed by the two models is compared together with the predictions of molecular
field theory and the properties of the Lebwohl-Lasher model.

1. Introduction

Important aspects of liquid crystal science and tech-
nology are related to their elastic properties: for example,
they are involved in a number of phenomena where the
director is manipulated by external fields, as in display
devices, and a knowledge of the elastic behaviour is also
important in the study of defects [ 1]. Thus it is possible
to determine director configurations by minimizing the
total elastic free energy, for given elastic constants and
specific boundary conditions. In a few cases this can be
done analytically [ 2-4], although, in general, numerical
methods have been implemented, both static and
time-dependent [5-13], usually involving appropriate
discretization schemes. That is, the director field is
calculated on a discrete grid, usually a lattice of space

* Author for correspondence. e-mail: gl@soton.ac.uk

points, and the partial derivatives defining the elastic free
energy density are approximated by finite increments. In
this approach, special care is needed in order to ensure
that the algorithm preserves the underlying nematic
symmetry with respect to inversion of the director field
(see, e.g. [9] ). Metropolis Monte Carlo approaches have
also been used in this context: sometimes the energy
minimization was carried out at zero temperature [ 5, 6] ,
while in other cases a suitably low temperature (well
inside the ordered phase) was used, as a means to ensure
that the system did not become trapped in a local
minimum [7, 8, 12] . The same approach has also been
used to investigate the ordering kinetics after quenching
from a disordered phase [ 13] . In all of these calculations,
the total elastic free energy density plays the same role
as the overall potential energy in a standard Monte
Carlo simulation. The potentials used in these investi-
gations are short ranged but, in general, not pairwise
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additive, and this makes the simulation rather time
consuming; the exception occurs when the three elastic
constants are set to a common value, thus reducing
the potential to the well-known Lebwohl-Lasher model
[14,15]. This approach has been widely followed in
simulation (e.g. Windle and co-workers [5, 6] ), and is
also rather common in continuum theory [2].

It has also been noted that a pairwise additive
interaction can be constructed in different ways, which
approximately reproduces the elastic free energy density
[6, 12], so that the parameters defining the pair potential
are expressed in terms of the elastic constants. For
example, a potential model of this kind, originally pro-
posed by Gruhn and Hess [12], has recently been
investigated by Monte Carlo simulation [16], under
periodic boundary conditions, the aim being to study
the microscopic behaviour in bulk. As we shall see, the
potential parameters are linear combinations of elastic
constants, and so, strictly, the pair potential used depends
on temperature because the elastic constants do. Clearly
this complicates the identification of the model with
a true intermolecular pair potential which is temper-
ature independent. We now want to investigate another
possible mapping between the elastic free energy density
and the pair potential parameters, and to compare the
two approaches starting from a common set of experi-
mental values for the elastic constants. The resulting
pair potential is an extension of the Lebwohl-Lasher
lattice model, now fully allowing for different values of
the elastic constants, and will be used here to investigate
the microscopic behaviour of the bulk system. The
properties of this will be compared with those of other
models and with the predictions of molecular field theory.
In the long term, we also intend to use the resulting
pair potential to study the elastic and defect behaviour
of nematogens.

2. Pair potential models
We recall here the usual expression for the elastic free
energy density of achiral nematics [ 2, 3]

g=(1/2)[K1(V 0+ K2 (Van)
+ K3 (VA 0))], (1)

where K; are the three elastic constants and n denotes
the director. It is also helpful, as we shall see, to have
explicit expressions for the terms in g; they are

Ona on
Vaa=Y"", Vank=2 &, " (2)
Z OXa sy ox

B

where
VAn)= o _ % VaAnp= Gnt_ %
Ox2  0x3 0x3  Oxi
@ = 22 (3)
ox1  0x2
n VAam=> n.p gaﬂys—nz (4)
=y X
@A (VAD)I=nV aAnp—n3(Vanp (5)
mA VAan)p=n3Van)—n(Vanp (6)
mA (Van))=n(Vanp—n(Vanj. (7)

The coordinate system set in the laboratory is defined
by three orthonormal unit vectors e., a= 1,2, 3, and
the coordinates x. have the dimension of length. It is
convenient, therefore, to transform to dimensionless
coordinates, so that the elastic free energy density is
now given by g= ¥A >, where A is an arbitrary length,
and the elastic energy stored in the corresponding
unit cube is then of order YA (we note that ¥ is now
defined by equations (1) to (7), but with dimensionless
coordinates x. ).

As for the pair potential model, we consider here
three-component unit vectors uy associated with a three-
dimensional (simple cubic) lattice, with px denoting the
dimensionless lattice-point coordinates. A general even
anisotropic interaction potential acting between nearest
neighbours can be written as a polynomial, or a power
series, in terms of the appropriate combinations of scalar
invariants; this gives

o=@ =constt+nt+ntwut.. (8)
with
— 2 2 2
= c2,1(aj * ai)+ c2,3bji, 9)
3= c3,1a;akbji, (10)

T4 = C4,1 (a;t + ali) + C4.2(ajak)2
+C4_3(a/2+a;%)b/2k+ C4_4b;}k. (11)

The scalar invariants involving neighbouring unit
vectors and the vector joining them are

r=p;—pe. s=r/r, ax=ui s,

bjk=uj i (12)

aj = u; S,

the ¢;,; denote arbitrary expansion coefficients, and each
term 7; i a homogeneous polynomial of order /. The
functional form resulting from the argument developed
in [12] (§4.2, especially equations (15) and (16)), corre-
sponds to neglecting all higher order terms ¢, with 7= 5,
and to setting c4,1 = c4.2= ca,4 =0, c4.37 0. After changing
to a more convenient notation for the coefficients, the
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pair potential suggested in [ 12] takes the form

1
D= Qj= A[Pz(aj)+Pz(ak)]+y(ajakbjk— ;)

+ vP2(bji) + p[P2(aj)+ Patar)1P2(bjr),  (13)

where P2(a;) denotes the second Legendre polynomial.
Equation (13) can also be expressed as a linear com-
bination of S-functions [17-19]; for those not familiar
with the S-function representation of the pair potential,
we give in the Appendix a brief description of the
relevant formalism.

The four strength parameters A, u, v, p are defined by
the following combinations of elastic constants [12],
including the factor A, so that the strength parameters
have the dimension of energy.

1
r}»=;A(2K1— 3K2+K3)
u=+3AK>— K1)

1
v= ;A(K1—3K2—K3)

1
pZ;A(Kl—K3).

The present expression for the pair potential differs from
its counterpart in [12] by multiplicative and additive
numerical factors, adjusted so as to make the isotropic
average of the potential equal to zero, and to facilitate
contact and comparison with the Lebwohl-Lasher
model, which corresponds to equal values of the elastic
constants, that is A= u= p= 0.

It is helpful to summarize briefly the argument
developed in §4.2 of [12]: the authors start from a
suitably discretized version of the elastic free energy
density, and consider a director field depending on two
coordinates only; then their discretized elastic free energy
density becomes pairwise additive. After interpreting
the resulting equation in terms of scalar products, they
propose a pair potential generalizing it; they finally
express the potential parameters in terms of elastic
constants by considering the energies of just five specific
configurations.

A similar model has already been studied in the
literature in connection with the simulation of nematic
liquid crystals [20], i.e.

D= r%{ & = pPa(a)+ P2(ap)]

+ ¥ [(9ajarbji— 1)— Pa(bjx)— 6P2(a))P2(ar)]}.
(15)

This is the dispersion interaction (or, more precisely,
an approximate expression for the dipolar contribution
to the dispersion interaction) between two identical
axially symmetric molecules, as proposed by London
and de Boer [ 18, 21, 22]; here y denotes the anisotropy
of the polarizability tensor. A lattice model where the
interaction is restricted to nearest neighbours produces
a nematic-like ordering transition [20]. In contrast,
inclusion of next-nearest neighbours produces a ground
state structure with sub-lattice order, but no net orienta-
tional order [23]. Notice also that most coefficients in
equation (15) are proportional to y°, so that * can be
absorbed into ¢ which gives an expression with a weak
residual ¥ dependence. Simulations were carried out with
y= 0.5, 0.65, 0.80, and, as expected, they yielded very
similar results, which were also in agreement with the
truncated potential model obtained by neglecting the
term proportional to y. The scaled transition temperature
T for this model is about 2.25, where T* = kpT/(s)* ),
in comparison with a molecular field estimate of 2.6424
[20]. In equation (15), y is smaller than 1 in magnitude;
however, short range potential models defined by y=1
(i.e. polarizability only along the molecular symmetry
axis) have been considered in the literature [ 24, 25] .

It is of interest to retain the functional form of the
pair potential in equation (8) (of which both equations
(13) and (15) are special cases), but to relate the
expansion coefficients to the elastic constants rather
than the molecular polarizability. To obtain this relation-
ship, we note that, in equation (1), we can, without any
loss of generality, define the laboratory frame so that
n=e3= (0,0, 1) at an arbitrary point, thus

oy om

n (Van)= o) — o (16)

and

A (VA =ani+(Vank,

on3z  Ong ’ ony  0On3 ’
=\——-—_—"1+t\——] a7
O0x2  0x3 0x3  Ox1

We now consider two neighbouring points x" and x”,
such that x”"— x"=m, where m is a unit vector lying
along a cartesian axis (i.e. coinciding with one of the
three e.s), while n" and n” denote the corresponding
directors, with n'=e3 and n"= (& n, ¢). We further
assume that &é~0, n=0, ¢=1, thus [&]>]1 - ¢,
[n1>>|1 — ¢], in keeping with the requirement that the
director orientation changes slowly in a nematic. The
derivatives appearing in equations (16) and (17) are then
approximated by

8_;1}_,: (n;—n;), if m=e, (18)
0x, 0, else.
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Equations (16) and (17) become therefore, to lowest
order:

for m= e,
V n=¢, (19)
n (Van)=n (20
CUENE 21
o, S0 (21)
Q=K1 &+ Ko (22)
for m = ey,
V on=n, (23)
n (Van)=E¢ (24)
3 1 25
PR (25)
Q¥ =K+ K28 (26)
for m = e3,
Von=co 1, (27)
n (Van)=0, (28)
(A (Van) =&+, (29)
29 =K3@E+ ). (30)

We now obtain an analogous set of expressions for
the pair potential given in equation (13), by further
assuming that one of the two unit vectors is aligned
along a lattice axis, say u; = e3, we= (&, n, ), thus bjr= ¢
Then the expressions for the pair potential simplify
(exactly) as follows for the three orientations of the
intermolecular vector allowed by the simple cubic lattice:
for s=e,

a;j=0, ap=¢,
3
D— Oy= +;[(k— v+ 2p)§2+(— v+ p)nz]— pA;
(31)
for s= ez,
a;j=0, ag=n,

3
D— Oy= +;[(— v+p)(§2+(k— v+2p)n2]— pB;

(32)

for s=es,

aj=1, ar=4¢,
3 9 2 2
O— Oy= — ;(k+v)+y+;p (& +n)+pC.

(33)
Here the quartic polynomials 4, B, and C are defined by

9 9 9
A= Zéz(éz"‘ 7)., B= an(éz"‘ ), C= ;(52+ )

(34)

and the value @ corresponds to £€= n=0, i.e. to the
two molecules being parallel.

In the limit of small angular displacements, we can
identify pairs of corresponding expressions for ¥ and
@ — i, respectively; by equating lowest order terms, we
obtain

( 3
AK = +;(A— v+ 2p)

3
_<AK2=+;(— v+ p) (35)

3 9
AK3= — I:;(}H- v)+y+;pi|

We note herekthat, had higher rank terms been included
in the pair potential, then these would also have contri-
buted to the lowest order terms in the expansion, thus
introducing more parameters. These expressions connect
the three elastic constants and the four parameters in
the pair potential; some other assumption must now be
made, in order to solve equations (35) with respect to
the potential parameters. We choose here to set p equal
to zero, thus dropping all fourth and higher order terms
in equation (8), which gives

( 3
AK = +;(A— V)

3
.<AK2: —;V
3
AK3= — |:;(l+v)+yi|
Le. \
( 2
A= +;A(K1—K2)
2
<v= —;AKQ (36)

pu=A(=K1+2K>— K3);
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in the S-function language, this choice means dropping
S422 and Sa42 [17-19] (see the Appendix). The assump-
tion used here, i.e. setting p to zero, is not the only one
possible (for example, we could think of setting A= 0
instead of p in equations (35)), but, in the present
context, our choice seems to be the most straightforward,
since it removes the highest rank term from the expansion
of the potential. To conclude, we are now studying a
pair potential of the form

1
@ = A[P2(aj)+ P2(ar) ]+ p (ajakbjk— ;)4— VP2 (bjk).
(37)

Note also that both the present scheme and the
argument outlined in [12] involve a significant extra-
polation: the expressions for the pair potential and for
the elastic free energy density are defined for all values
of their independent variables, but become simple and
easily comparable only for some special sets of con-
figurations, usually in the limit of small angular displace-
ments between vectors on neighbouring points. However,
once the mapping has been obtained, the resulting
equations for the pair potential are to be used in the
general case of arbitrary mutual angular displacements.

Another mapping scheme can be found in a paper by
Bedford and Windle [6]; their equations (17) to (20)
for the pair potential are given by rational functions in
the components of the unit vectors involved. As far as
we could check, in the general case of different elastic
constants, these equations are not written in terms of
scalar products, and so are not gauge invariant. This
was verified by considering the central unit vector to be
aligned along the lattice z-axis, and the surrounding unit
vector ‘6” (in the notation of [6]) to be its vertical
neighbour, with components (&, n, ¢); then the pair
interaction energy should reduce to a function of ¢ only.
However, after carrying out the appropriate substitutions,
we found an irreducible dependence on & and =, our
formulae manipulations were also checked by means of
the computer algebra package Maple.

3. Simulation aspects

As for the choice of the parameters to be used for the
two potential models, in [ 16] we have considered the
comparatively simple and extensively studied nematogen
4.4'-dimethoxyazoxybenzene (para-azoxyanisole, PAA)
and taken the values of its elastic constants at 120°C,
which corresponds to a reduced temperature, 7/7ni,
of 0.963, as reported in the book by de Gennes and

Prost [2], i.e.
Ki=7x10"">N
K»=43x10""N (38)
K3=17x10""*N.

The coefficients A, u, v, p, calculated from them were
rescaled by dividing by |; the resulting pair potential,
equation (13), hereafter referred to as Model 1 (M1), is

1
®= S{A[Pz(aj) + Pa(ar) ]+ ,U(ajakbjk - ;)

+vP2(bji)+ plP2(aj) + PZ(ak)]PZ(bjk)} (39)

with

A=10.79039, pu= —1.0611, v=—1, p= —0.43668.

(40)

Here ¢ (including the length A) is a positive quantity
setting energy and temperature scales, i.e. T* = kT /¢, and
the scaled potential energy per particle is U* = U/(N¢).
We now proceed in the same way for equation (37), and
the resulting pair potential, hereafter referred to as
Model 2 (M2), is the simpler function

1
o= S{A[Pz(aj)'F Pa(ap)]+ y(ajakbjk— ;)4— VP (bjk)}

(41)
with

A=0.62791, upu= —5.3721, v=—1. (42)

As with M1, our study of M2 was aimed at elucidating
the thermodynamic and structural behaviour of the
bulk system. The simulations were carried out on cubic
samples, using periodic boundary conditions with different
sample sizes N = . q= 12, 16, 20, 24, and closely corre-
spond to those described in [16]. Each cycle (sweep)
comprised 2N steps, and included sub-lattice sweeps.
Note that, for each lattice site j, we can define the site
parity ;= 1 depending on the sum of its coordinates
being even or odd. That is, the lattice is bipartite, in
that it consists of two interpenetrating sub-lattices of
even and odd parities, where each site has six nearest-
neighbour sites of the opposite parity, then twelve
next-nearest neighbours of the same parity, and so on.
Since the potential is restricted to nearest neighbours,
there is no interaction between particles associated with
lattice sites of the same parity, and so the outcomes of
attempted Monte Carlo moves taking place at different
sites of the same parity are independent of one another.
We used a cycle consisting of N steps, where the tagged
site was chosen randomly, followed by N/2 steps involving
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lattice sites of one parity, and finally N/2 steps involving
lattice sites of the other parity; this approach is found
to be particularly efficient and has already been used
both for magnetic [ 26, 27] and nematogenic lattice models
[28,29]. Calculations were carried out in cascade, in
order of increasing temperature; equilibration runs took
between 25000 and 50 000 cycles, and production runs
took between 100 000 and 250 000 cycles.

The quantities calculated from the simulation include
the scaled potential energy per particle U* and the
configurational heat capacity which was determined as
a fluctuation quantity; we also evaluated long range
orientational order parameters of various ranks, Py,
L= 2,4, 6,and 8. The second and fourth rank orientational
correlation coefficients and the singlet orientational distri-
bution function were calculated at selected temperatures.
The long range orientational order parameters are
defined by [ 30, 31]

Pr=(Pi(cos0), L=24623 (43)

where 0 is the angle between an individual molecule and
the director; they were obtained in the following way.
Along the Monte Carlo chain we calculated both the
second rank tensor

Qup = (3 uatty) 10 — 8ep )12 (44)

and its fourth rank counterpart [30-33]; here the
subscript loc refers to the current configuration, and
the Greek subscripts label cartesian components. These
quantities were accumulated to give macrostep averages,
then used to calculate P2 macr and Pa macr, as discussed
elsewhere [30-34]. In addition, for every sweep the
current second rank ordering tensor was diagonalized,
and the instantaneous director v identified with the
eigenvector associated with the eigenvalue possessing
the largest magnitude; we then calculated the quantities
(P v)) 1oc and averaged them. Since the director is
known for the current configuration, this can also be
used to calculate the singlet orientational distribution
function [ 30, 31, 34, 35]. A 1001 bin histogram of f(6)
versus |cos 6] was calculated at 7*= 235 and for a
system size of ¢ = 20. The underlying symmetry of the
nematic phase means that this quantity is an even
function of cos 6, and that the angle can be restricted
between 0 and =/2; it can, therefore, be expanded as

fe= I:l + >  (@L+1)P.P(cos 9)] (45)
L>0,even
The orientational correlation coefficients [30, 31] are
defined by
Grn=(Prw w)), L=24 (46)

and are functions of the (dimensionless) interparticle
separation r = |p; — px|. These computationally expensive

quantities were calculated at two temperatures, i.e.
T*=2.35 and 2.45 and again for ¢ = 20, by analysing
one configuration every fourth sweep; as we shall see,
their plots show a rapid decay to a limiting value
consistent with the corresponding order parameter, i.e.

lim G.(n= P1. (47)

The short range order parameters [31]
oL=Gror=1)=(Pru ug)) (48)

determined at the nearest-neighbour separation, were
evaluated at all temperatures, by analysing one con-
figuration every cycle; o2 is not related to the potential
energy in any simple way, in contrast with the Lebwohl—
Lasher model, where there is a direct proportionality
between the two quantities.

4. Results and comparisons
Before presenting our simulation results, it is helpful
to recall some molecular field predictions, to be used for
comparison with them [36-39]. Upon summing over
the six allowed orientations of the intermolecular vector
both A and p terms vanish, and the resulting potential
of mean torque is given for both potential models by

wo = [3v+2/3)ul. (49)

W= 2Wq P2P2(cos 0),
where 6 denotes the angle between an individual
molecule and the director, and P> is the second rank
order parameter. The corresponding nematic—isotropic
transition temperature given by the molecular field
theory is 2|W0 [0.2202/kg.

We note that, for both potential models, wo is the
energy per particle of the configuration (I' ) where all
particles are parallel to a lattice vector e.. Let us also
point out that, for a given pair potential model, this
molecular field approach may or may not be qualitatively
correct (see an example in [23]), depending on the
numerical values of the coefficients; in other words, the
configuration I' may but need not be the ground state;
however it is the ground state for the potential models
M1 and M2. For M1, the ground state energy U found
for the values for u and v (see equation (40)) is — 3.7074,
and so the corresponding transition temperature pre-
dicted by molecular field theory is Taive = 1.6327,
compared with 1.3212 for the Lebwohl-Lasher model
(the change in notation from Wo to Uo reflects the
scaling by ¢). The other molecular ﬁeld predlctlons
for the transmonal properties are ASMr/R = 0.417,
Py = 0.429, P4y mr = 0.120, for the transitional entropy,
second and fourth rank order parameters, respectively
[36-39]. In the case of M2, the values of u and v yield
Uo = — 6.5814, and thus Tivr = 2.8984.

The simulation results for the potential energy and
the configurational heat capacity are plotted in figures 1
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3.2
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&0 06)
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53 2.4 25
T
Figure I. M2: simulation results for the potential energy,
obtained with different sample sizes. Circles: ¢ = 12;
squares: ¢ = 16; triangles: ¢ = 20; diamonds: ¢ = 24; the
associated statistical errors fall within symbol sizes.

and 2; they are found to be independent of sample size
for T*< 2.36, then show a pronounced dependence on
the system sizes up to T*~ 242, and again become
independent of the sample size above this temperature.
A small temperature step of 0.002 was used in the range
between T*= 237 and 2.39: here the heat capacity
exhibits a maximum, growing narrower and higher as
the sample size increases, and this is consistent with a
first order transition [31]; the energy results over the
same range are also consistent with a weak discontinuity
at the transition.

The results for the order parameters, obtained by
analysing one configuration every cycle, are plotted in
figures 3 and 4; they are roughly independent of sample
size up to T*~ T1 = 2378, and show a pronounced
decrease with sample size above this temperature. Their
counterparts obtained via macrostep ordering tensors
P2 macr and P macr (not reported here) exhibit the same
qualitative trend; in the region T * < T\, there is a good
agreement between the two sets of results; in contrast,
above this temperature, P2, macr and P4, macr decrease more
rapidly with increasing temperature and sample size;
this comparison helps to locate the transition temper-
ature. The results for Ps and Ps (not reported here) are
much smaller (for example, at 7 * = 2.3, P¢ is about 0.02,

36
CV/kB - %
24 |- lﬁ
12 - Aﬁ'og
[ égo AOO
L g@ ODO
! ] A
QGDOO
i ‘ﬂlﬂﬁﬁa a 4
O " s

Figure 2. M2: simulation results for the configurational
heat capacity, obtained with different sample sizes. Circles:
¢ = 12; squares: ¢ = 16; triangles: ¢ = 20; diamonds: ¢ = 24.
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Figure 3. M2: simulation results for the second rank order
parameter, obtained with different sample sizes. Circles:
g = 12; squares: ¢ = 16; triangles: ¢ = 20; diamonds: ¢ = 24.
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Figure4. M2: simulation results for the fourth rank order
parameter, obtained with different sample sizes. Circles:
g = 12; squares: ¢ = 16; triangles: ¢ = 20; diamonds: ¢ = 24.

and Ps is about 0.002), and seem to go continuously to
zero with increasing temperature.

Results for the short range order parameters o> and
o4 are plotted in figures 5 and 6, respectively; their
sample-size dependences follow the pattern displayed by
the potential energy. We also mention that, both for M1
[16] and M2, the plots of o4 versus o2 (not reported
here) are linear to a good approximation.

These results are consistent with a comparatively
weak first order transition between a nematic and an
isotropic phase. To dlscuss this it 1s helpful to deﬁne the
three temperatures T =2378, T) = 2.380, T3 =2.382,
and the associated potentlal energies Ui.U>, U3
for ¢=24. The system is in the ordered phase for
T*<T;, and in the disordered phase for T*=> T3
we propose the intermediate temperature T >, ie. the
abscissa of the peak of the heat capacity, as the transition
temperature. The uncertainty in this is conservatively
taken to be the temperature step used in the simulation,
ie Tri=2.380 + 0.002. We also take 0.5(U§ — Uy )as a
crude estimate of the energy jump at the phase transition.
As a rough estimate for the order parameters at the
nematic—isotropic transition 7> and Pi', we propose
the average of their values for ¢ = 24 at the temperatures
71 and T5 . Our estimates for the transitional properties

0.5

0, L

o]
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02, 557 35

Figure 5. M2: simulation results for the short range order
parameter o> [see equation (48)], obtained with different
sample sizes. Circles: ¢ = 12; squares: ¢ = 16; triangles:
g = 20; diamonds: ¢ = 24.
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Figure 6. M2: simulation results for the short range order
parameter o4, obtained with different sample sizes. Circles:
g = 12; squares: ¢ = 16; triangles: ¢ = 20; diamonds: ¢ = 24.
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obtained in this way are then

Tri= 2.380 + 0.002

AUN= 0.079 + 0.006

ASN/R=0.03340.003
PM=025+001

PY=0.041 +0.002.

The corresponding quantities for the analogous MI
model are [16]

Tai= 1.368 +0.002

AUNI= 0.066 4 0.005

ASN/R =0.048 4 0.004
PM=026+001

PY=0.045 +0.002.

For comparison, we also give here simulation esti-
mates for the transitional properties of the Lebwohl—
Lasher model, obtained by other authors and for ¢
ranging up to 50 (a preliminary report of simulations
carried out with ¢= 120 has been published [40]);
Ta= 1.1232+0.0001 [28, 32, 41-43]; AUn=0.20+0.04
and hence AS"'/R = 0.18 +0.04 [42]; notice that [32]
proposes AS"/R< 0.05, which is in better accord with
our results for models M1 and M2. Estimates reported
for 75" are 0.27 [32], 0.39 [42], and 0.17 [43], whereas
P4" has been estimated to be 0.04 [32] . These numbers
show that, even in such an extensively studied model,
an accurate characterization of the transition is still a
difficult task [42].

The ratio between simulation and molecular field
estimates for the transition temperature of the present
model is 0.821, versus the corresponding value of 0.850
for the Lebwohl-Lasher model, and 0.837 for M1 [16].
We also note that the ground state energies of M1 and
M2 are rather different, and that the ratio between
simulation estimates for the transition temperatures
nearly equals the ratio for the ground state energies, as
expected from the molecular field theory. The two
models M1 and M2 differ from each other and from the
simpler Lebwohl-Lasher model by sizeable terms, only
some of which contribute to the potential of mean
torque; yet, as a net result, these additional terms in the
potential make comparatively little difference to the
transition temperature, moving it only slightly away
from the molecular field limit.

The singlet orientational distribution function calcu-
lated at T*= 235, for ¢= 20, is plotted in figure 7,
and shows the expected maximum when cos 0 is unity.

2.5

() L

1.5

0.5

cos ¥

Figure 7. M2: results for the singlet orientational distribution
function f(0) at T*= 2.35. Continuous curve: simulation
results; dashed line: fme 2, see equation (50); dotted line:
J/ME4, see equation (51), hardly distinguishable from the
continuous one. The relative statistical errors on the
simulation results range up to 0.2%.

To check the quantitative aspects of this, the first four
order parameters were calculated by convoluting the
appropriate Legendre polynomials with this distribution
function, and found to be

Py=0.406 +0.002
P4=0.095+0.001
Ps=10.013+0.001
Pg=0.0013 40.0001.

The corresponding values P2.10c and Pa,1oc Obtained by
analysing a configuration every cycle, as explained in
the previous section, agreed with the ones listed here to
three significant figures. These results for P> to Ps were
used to construct a truncated expansion of the singlet
orientational distribution function, including terms up
to Pg, and this turned out to be indistinguishable from
the simulation results, to the resolution of the figure. An
alternative route to f(0) is via the maximum entropy
approach [44-46]; if only the second rank order para-
meter is known, then the distribution function takes the
form

SvE2(8)% exp[c2 Pa(cos 6)], (50)
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whereas, if both P> and P4 are available, then
ME,4(0) exp[chz(cos o)+ cZP4(cos 0)]. (51)

Let us recall that order parameters of higher rank are
not normally available experimentally; P> is the dominant
one, and the next term P4 is significantly smaller.

The proportionality factors in equations (50) and
(51) allow for the normalization conditions of the distri-
bution function, and the ¢ parameters were determined
by appropriate consistency constraints, i.e. by requiring
/M2 to reproduce P2, or requiring fme4 to reproduce
both P> and Ps [44-46]. The results of this fitting
process are shown in figure 7; the overall goodness of
the resulting fit to the simulation results was defined
quantitatively by calculating both the sum of squares
of deviations (£) and the sum of squares of relative
deviations (n). Their values for the M1 distribution
function at T*= 1.35 were found to be [ 16]

cy=1838, &=0.527, m=3.065 (52)
and
c3=1903, c4=—0.116; = ca/ca= —0.061,
E4=10.071, 4= 0.053. (53)

For the M2 model which we have studied

cb=1829, &=0807, m=4453 (54)
and
c2=1903, c4=—0.136; ¢= —0.071,
E4=0.015, m=0.072. (55)

Together with these numerical results, figure 7 shows
that fme2(0) yields a good but not quite perfect agree-
ment with simulation results, and that Ave 4(6) produces
a recognizable improvement. A qualitatively similar
situation has been observed for the Lebwohl-Lasher
model, where c4 is also negative, and about 8% of ¢
[16,32].

The orientational correlation coefficients G2(r) and
G4(r), calculated at two typical temperatures 7 * = 2.35
(nematic) and T*= 245 (isotropic), are plotted in
figure 8, as a function of the separation r; the logarith-
mic scale was chosen in order to compact four curves
while still being able to distinguish between them. All of
the four cases exhibit a rather steep decay of correlations
between r= 1 and r= /3, then a recognizable increase
at r=2, and eventually monotonic decay at larger
distances. This behaviour has been observed with other
short range lattice models [ 16, 29, 32], whereas a mono-
tonic decay at all distances has been obtained for lattice
models with long range interactions [47] .

Comparison between the properties of the models M1,
M2 and the Lebwohl-Lasher model (see the Appendix
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Figure 8. M2: simulation results for the logarithms of the
orientational correlation coefficients at two different temper-
atures. Circles: log G2(r) at T*= 235 (nematic); squares:
log G2(r) at T*= 245 (isotropic), triangles: log G4(r) at
T* = 2.35 (nematic); stars: log G4(r) at T* = 2.45 (isotropic).
The dashed line corresponds to log P3 at T*= 2.35, and
the dotted one to log P; at the same temperature.

in [32]) can be carried out by plotting their appro-
priate simulation results versus the reduced temperature
7*/Tni. The results for the potential energy are also
scaled by the corresponding molecular field ground state
energies U 0. We note that, both for M1 and M2, only
the simulation results obtained with the largest system
¢ = 24 have been used in this comparison, and that the
simulation results for the Lebwohl-Lasher model from
[32] were obtained with ¢= 30. The results for the
potential energy are compared in figure 9, and show
recognizable quantitative differences, which are correlated
with the estimated value of the jump in the potential
energy at the transition AU w. In contrast, comparisons
for the configurational heat capacity—figure 10, the
long range orientational order parameters—figure 11,
and the short range order parameters o2; — figure 12,
show a rather close agreement between M1 and M2,
and a slightly larger difference between them and the
Lebwohl-Lasher model. This is perhaps to be expected,
because, although all of the models contain the dominant
term in P2 (bjx), models M1 and M2, unlike the Lebwohl—
Lasher model, have in addition, terms involving the orien-
tation of molecules with respect to the intermolecular
vector.
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Figure 9. Simulation results for U*/ U versus T*/T i, based
on the different potential models. Diamonds: M1 [16];

circles: M2; stars: results for the Lebwohl-Lasher lattice
model [32].

Another, less severe, comparison of predictions for the
structural properties can also be obtained by plotting
P4 versus P> [32], thus eliminating the explicit temper-
ature dependences of the order parameters, as we have
done in figure 13. The molecular field prediction can
be continued to values P»< Prwmr by means of the
maximum entropy approximant fme2, ie. by using
equation (50) to calculate both P> and P4 for a range of
values of ¢> [32]. The results show a fair qualitative
agreement between the predictions and the results
obtained for the three models, especially in the ordered
region. The failure to obtain complete agreement pre-
sumably results from the importance of the fourth rank
term in the potential of mean torque, see equation (51).

Since the nematogen 4,4’-dimethoxyazoxybenzene
was involved in the choice of the elastic constants, we
have also attempted comparison with its experimental
properties. However, we emphasize that, because of the
underlying simplifications in the models (i.e. the assump-
tion of rigid and cylindrically symmetric molecules, and
the neglect of translational degrees of freedom), only a
qualitative agreement is to be expected [48]; similar
comparisons for the Lebwohl-Lasher model can be
found in [43,48]. Among the properties of interest to
us are the nematic—isotropic transition temperature,
which is in the range 407-409 K [49-51], the enthalpy
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Figure 10. Simulation results for the configurational heat
capacity versus the reduced temperature 7 */ T n1, obtained
for the different potential models. Diamonds: M1 [16];
circles: M2; stars: results for the Lebwohl-Lasher lattice
model [32].

of transition, which ranges between 0.5 and 0.8 kJ mol ™'
[3,51-53] ; taking a value for AHp of 0.57kJ mol ™", the
entropy change at constant pressure ASp/R is estimated
to be 0.19 4+ 0.01 [ 3, 47, 51, 52], and from it the transition
entropy at constant volume A Sv/R is found to be about
0.05. In addition, the order parameters P>' and P4 at
the transition have been determined to be 0.39 and 0.08,
respectively [ 54] . In terms of comparisons between model
prediction and experimental results, these quantities are
of two kinds, i.e. some of them depend on the scaling
parameter ¢ in the model potential, that is 7x1 and A Hp,
whereas others do not, namely P>, P4 and ASv/R. We
begin with those which do not require a knowledge of e.
Thus the models, both M1 and M2 as well as that of
Lebwohl and Lasher, are in good agreement with the
small experimental transitional entropy at constant
volume of 0.05. The order parameters obtained for the
three models are significantly lower than the experi-
mental values [54] of 0.39 for P>" and 0.08 for P4
This difference could indicate the likely fact that the
model pair potentials do not reflect the true anisotropic
interactions between two PAA molecules, but might also
result from the difficulty of locating the phase transition
precisely in the simulations, combined with the strong
and apparently continuous dependence of the order
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Figure 11.  Simulation results for P> and P4 versus the reduced
temperature 7 */T'ni1, obtained for the different potential
models. Squares: P, for M1; circles: P, for M2; stars: P>
for the Lebwohl-Lasher lattice model [ 32] ; diamonds: P4
for M1; triangles: P4 M2; asterisk: P4 for the Lebwohl-
Lasher lattice model [ 32] . The predictions of the molecular
field theory are shown as the solid line for P> and the
dashed line for Pj4.

parameters on temperature in the vicinity of the phase
transition, see figures 3, 4 and 11.

To make a comparison with 7n1 and A Hp we need to
be able to estimate the scaling parameter . This can be
achieved by choosing A, for which we take the cube
root of the molar volume: values for the density of
nematic 4,4'-dimethoxyazoxybenzene at room pressure
reported in the literature range between 1.140 and
1.190 gem ™ [49-51], so that the corresponding values
for A have a narrow range between 7.1 and 7.2 A. It is
worth noticing that a change of temperature can cause
a significant variation in the elastic constants, and hence
in the prediction of the transition temperature; this could
be used to improve the agreement with a particular
model. The simulation estimate for M1 yields a transition
temperature ranging between 546 and 538 K; the
simulation estimate for AUxi would then correspond
to 0.22kJ mol™'. On the other hand, the estimated
transition temperature for M2 ranges between 357 and
351 K, and A Uni corresponds to 0.1kJ mol™". Finally,
if the three elastic constants are set to a common
value (their average), then the transition temperature
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Figure 12.  Simulation results for the short range order para-
meters o> and o4 versus 7 */T ni, obtained for the different
potential models. Squares: o> for M1; circles: o> for M2;
diamonds: o4 for M1; triangles: s M2.

for the Lebwohl-Lasher lattice model [28, 32,41-43],
combined with experimental densities, yields estimates
for the nematic—isotropic transition temperature ranging
between 554 and 546 K; the simulation estimates in [42]
give AUni= 0.82kJ mol ™.

To conclude, our simulation results show a close
qualitative similarity between models M1 and M2, a
somewhat worse agreement with the simpler Lebwohl—
Lasher model, and a broad qualitative agreement with
experiment (see also more detailed comparisons in [ 16] );
they also suggest that tailoring the pair potential to the
specific nematogen yields a slightly better description of
it, within these limitations.

The present extensive calculations were carried out,
on, among other machines, a cluster of DEC computers
belonging to the Sezione di Pavia of Istituto Nazionale
di Fisica Nucleare (INFN); allocation of computer
time by the Computer Centre of Pavia University
and CILEA (Consorzio Interuniversitario Lombardo
per I'Elaborazione Automatica, Segrate, Milan), as well
as by CINECA (Centro Interuniversitario Nord-Est di
Calcolo Automatico, Casalecchio di Reno, Bologna),
within the INFM initiative on parallel computing, is
also gratefully acknowledged. This collaborative project
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Figure 13. Plot of P4 versus P», obtained for the different
potential models. Squares: MI; circles: M2; stars:
Lebwohl-Lasher lattice model [32]. Continuous line:
molecular field prediction; dashed line: continuation of
the molecular field curve to Po< P> e (see also text); the
dotted vertical line marks the separation between the
two curves.
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to Berlin, supported by Deutsche Forschungsgemeinschaft
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Appendix
S-Functions
The pair potential for uniaxial molecules can be
written quite generally as an expansion in a basis of
S-functions [ 17-19], which conveniently separates the
distance and orientation dependence of the potential.
That is,

W)= 2 wik()SskL(), (A1)

J,K,L
where r is the intermolecular separation and 2 denotes
the orientations of the two molecules and the inter-
molecular vector. For molecules with a centre of sym-
metry, the summation involves only even values of J, K

and L, with L in the range |[J— K| to (/+ K). The
S-functions are defined by

J K
Syxr@)= @)y " * > (

mp. M \Nn p

L
M )C.In(wj)CKp (k)

X Cru(or) (A2)

where Cj,(w;) is a modified spherical harmonic, o;
denotes the spherical coordinates of the symmetry axis

J K LY.

of molecule j in a laboratory frame, and o is
nop

a 3j symbol. Although this form of the S-functions is
particularly convenient when transforming between axis
systems [ 18, 19], it is not so convenient when numerical
values of the pair potential are needed, as in computer
simulation. However, the S-functions can be expressed
in terms of the cartesian components of the unit vectors
u;, u; and r, for the molecular symmetry axes and
the intermolecular vector, respectively. In this form the
S-functions depend on the three scalar products a;, ax
and bj; defined in equation (12); the first few of them
are

So00 ()= 1 (A3a)
1
$202(Q)= —FBa; — 1) (A3b)
25
1
S02(Q)=—=(3ai— 1) (A3c)
245
1
$220(Q)= —F=(Bbji— 1) (A3d)
25

1
S (Q)= o [2— 3(a] +ar+ b))+ 9a;arhi] (A3e)

1
Sypa="—""—[1 +2bj2k
470

+5(— a/2 — a;%— dajarbjr+ 7aj2a1%)]

(A3f)

1
Sin="—""T7—[1 +2a/%
4N70

+5(— a/2 — bjzk— dajarbjr+ 7a/2b/2k)] (A3g)

1
Sx="—""T7—[1 +2aj2
4N70

+5(— a;%— bjzk— dajarbjr+ 7a1%bj2k)]. (A3h)

The S-functions form an orthonormal and complete
set, and have various symmetry properties with respect
to permutation of the subscripts [ 19]. The expansion
coefficients wyxr(r) can be treated as adjustable para-
meters with which to fit a particular and only partly



19:18 25 January 2011

Downl oaded At:

884 Simulation of a nematogenic lattice model

determined model potential, as we have done in this
paper; alternatively, they can be taken from a specific
and fully determined molecular interaction, such as the
dispersion potential [21]. We have chosen here to
include only S-functions of low order, in the interest
of simplicity. Comparisons with the polynomials 7 in
equations (8) to (11) show that each set of functions can
be expressed as a linear combination of the others; of
course the transformation formulae become complicated
as one goes to higher and higher orders. We note,
for example, that = in equation (9) is a combination
mvolving Sooo (€2), S202(€2), S022(€2), and S220(£2), and that
73 Involves S222(Q2) as well. The p term in model M1
involves Ss2(02) and S242(0Q) also [19], whereas the
potential model M2 is a linear combination involving
S220(€2), S202(), S022(€2), S222(€2) only, and S224(€2) is
involved in equation (15).
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